Abstract. Dislocation systems exhibit well known scaling properties such as the Taylor relationship between flow stress and dislocation density, and the "law of similitude" linking the flow stress to the characteristic wavelength of dislocation patterns. Here we discuss the origin of these properties, which can be related to generic invariance properties of the equations of evolution of discrete dislocation systems, and their implications for a wide class of models of dislocation microstructure evolution. We demonstrate that under certain conditions dislocation simulations carried out at different stress, dislocation density, and strain rate can be considered as equivalent, and we study the range of deformation conditions ("similitude regime") over which this equivalence can be expected to hold. In addition, we discuss restrictions imposed by the stated invariance properties for density-based, non-local or stochastic models of dislocation microstructure evolution, and for dislocation patterns and size effects.
Introduction
Dislocation patterns emerging and evolving under plastic deformation are often characterized by scaling relations which in the literature are commonly addressed as "law of similitude" [1] or "similitude principle" and can be observed in a wide variety of materials and under various deformation conditions [2, 3] . This principle states that the characteristic wavelength d of dislocation patterns (cell size, spacing of dislocation walls) that form during deformation at a stress τ f is inversely proportional to the stress: d = CGb/τ f , where b is the length of the dislocation Burgers vector, G is the shear modulus of the material, and the proportionality constant C is approximately independent of material and deformation conditions.
In conjunction with the even more general Taylor relationship τ f = αGb √ ρ which relates the flow stress τ f to the dislocation density ρ through a non-dimensional constant α ≈ 0.3 [3] , the similitude principle can be re-phrased as d = Dρ −1/2 : The dislocation pattern wavelength is proportional to the average dislocation spacing, with a proportionality constant D = C/α which is typically of the order of 10 [2] . In this form, the similitude principle has been demonstrated to hold over 4 decades in cell size and 8 orders of magnitude in dislocation density [4] .
In view of the ubiquity of "similitude"-type behavior, it is natural to ask where lies the origin of this type of scaling behavior and what are its implications for dislocation simulations. While simulating the evolution of dislocation patterns at large strains is still beyond the capacity of present-day discrete dislocation dynamics models, such models are now quite capable of simulating the incipient formation of dislocation patterns at moderate strains and dislocation densities where the "similitude principle" generally holds [5] . It is therefore important to ask which fundamental properties of dislocation systems are responsible for the formation of patterns with the observed scaling properties and what are the implications of these properties for simulations. We will approach this question from a somewhat unusual perspective: Rather than investigating what specific dislocation mechanisms are responsible for patterning, we will discuss generic invariance properties of the dynamic equations solved in both two-and three-dimensional dislocation simulations, and we will demonstrate that these invariance properties imply the similitude principle. We will then investigate how mechanisms such as dislocation cross slip and dislocation annihilation may lead to deviations from similitude, and we will determine the range of parameters where similitude scaling is expected to hold. We will apply our discussion of invariance properties to demonstrate how dislocation simulations performed at different density, stress, and strain rate can be related to each other, and to elucidate the minimal features of dislocation interactions which are needed in models or simulations in order to obtain dislocation patterns consistent with the similitude principle. We note that the scaling relations demonstrated in the following have been previously discussed by one of the present authors for the special case of two-dimensional dislocation systems evolving in single slip under a linear stress-velocity law [6, 7] . A comprehensive discussion of the mathematical background of "similitude scaling" has however, to our knowledge, never been published despite the simplicity of the underlying mathematical relations which appear to us almost self evident.
The fundamental invariance theorem

Formulation for 2D dislocation systems
We consider a generic 2D dislocation simulation where N edge dislocations of different slip systems are represented by points in the xy plane. The dislocations are either contained within an infinite crystal (the boundaries are remote such that image stresses can be neglected), or the system is replicated periodically. The Burgers vector of the i-th dislocation is b i = s i b e i where s i is the sign of the dislocation, b is the Burgers vector modulus, and e i is the unit vector in the slip direction which coincides with the dislocation glide direction. The slip plane normal of this dislocation is n i = e i × e z . The driving force for the motion of the ith dislocation is given by the glide component of the Peach-Koehler force which is proportional to the resolved shear stress at the dislocation position:
where the "external" resolved shear stress is τ ext,i = M 
where σ kl ( b j , r i − r j ) is the stress caused at r i by a dislocation of Burgers vector b j located at r j . We approximate the dislocation stress field by the stress field of a dislocation in an infinite body, in case of periodic boundary conditions complemented by that of its periodic images.
The dislocation velocity is assumed to be a power of the driving force. Hence, the equations of motion of the dislocations are given by
where v 0 is a characteristic velocity and n is the stress exponent. Two moving dislocations may react upon contact, forming either mobile dislocations of a third slip system or immobile barriers. No specific reaction radius is assigned to these reactions which, owing to the singularity of the stress fields, occur in finite time (this may pose practical problems from a numerical point of view but these are irrelevant as far as the mathematical structure of the equations is concerned). Theorem: The system of equations (1) and (2) is invariant under the transformation
Proof: Proof is obtained by substituting (4) into (2) and observing that the interaction stresses scale like 1/| r i − r j |. Therefore, the dislocation stresses, (2), decrease similarly to the external stress in proportion with λ −1 . As a consequence, in (3) upon insertion of (4) all factors λ cancel.
Corollary 1: Suppose we have a solution { r i (t)} of the system (1,2) at some stress σ ext kl . Let p kl (t) be the plastic strain which has accumulated due to dislocation motion during the evolution of this system from its initial state. Then there exists a solution { r i (t)} at the stressσ
The plastic strain associated with this solution is p kl (t) = p kl (t)/λ. Corollary 2: For any stationary solution { r i } of the system of equations (1,2), which is in static equilibrium at the stress σ ext kl , there exists a one-parameter family of solutions {λ r i } which are in static equilibrium at the respective stresses λ −1 σ ext kl . If we associate, through some averaging procedure, a dislocation density ρ to the solution { r i }, then these solutions are associated with the respective dislocation densities λ −2 ρ. Corollary 3a: If, in a dislocation simulation carried out at the stress σ ext kl , a quasi-stationary pattern of wavelength d and dislocation density ρ emerges, then there exists a one-parameter family of stretched quasi-stationary patterns of wavelength λd and density ρ/λ 2 which emerge in simulations carried out at the stresses σ ext kl /λ. These one-parameter families of solutions obey both the Taylor relationship and the "law of similitude".
Corollary 3b: If in a dislocation simulation a dislocation pattern of wavelength d and dislocation density ρ emerges which is metastable after unloading, then it belongs to a one-parameter family of patterns of wavelength λd and density ρ/λ 2 which are also metastable in the unloaded state.
Remark 1: The above stated principle can be extended to nonlinear velocity laws describing thermally activated dislocation motion where the velocity law has the form
if the strain-rate sensitivity S in this law is proportional to the dislocation spacing (in physical terms, if we are dealing with thermally assisted overcoming of obstacles such as forest dislocations. This is generally expected to be the velocity-controlling mechanism in pure fcc metals where the Cottrell-Stokes relation [8] holds. In Eq. (5), the function f (T, τ ) may be strongly non-linear, e.g.
Boltzmann's constant and the activation volume V a relates to the strain-rate sensitivity
The system of equations (3) with the velocity law (5) is invariant under the transformation
and the above corollaries apply accordingly.
Remark 2:
Irrespective of the velocity law, the invariance property (4) holds for static dislocation arrangements where all dislocations are stress free and which therefore correspond to metastable minima of the elastic energy. This observation must, however, not lead to the conclusion that quasi-static metastable dislocation patterns -which include all patterns which can be observed ex situ -universally obey similitude. Such a conclusion would be warranted only if the sequence of metastable minima reached, under an given loading path, by a dislocation system could be considered unique, i.e., independent of the dynamics of evolution in between these configurations. Such uniqueness is found in the motion of elastic manifolds or charge-density waves in random media where it is implicit in Middleton's 'no passing' theorem [9] and the dynamics of particular dislocation configurations such as pile ups [10] exhibits analogous properties. For general dislocation systems in two and three dimensions, however, a proof along the lines of Middleton is not possible because of the strongly anisotropoic nature of dislocation interactions which change their sign depending on the relative orientation of two dislocations (dislocation segments). As a consequence, the stated invariance principles can in general not be expected to hold in situations where the dislocation velocity is controlled by obstacles other than dislocations, such as Peierls barriers, radiation debris, solute atoms, precipitates etc.
Formulation for 3D dislocation systems
The generalization of the considerations of the previous section towards 3D systems of dislocations requires some additional definitions and notations. We consider a situation where N dislocation lines (numbered i = 1 . . . N ) with Burgers vectors b i of modulus b are positioned in slip planes SP i with normal vectors n i . The dislocations initially form closed loops C i contained each within a single slip plane. These loops are labeled by i = 1 → N and parameterized by r(s i ) with local tangent vector t(s i ) = d r/ds i . In analogy to the previous section, we again assume that the dislocation loops are either contained within a quasi-infinite crystal where the boundaries are remote such that image stresses can be neglected, or the system is replicated periodically.
Using the result that the displacement field of a closed planar dislocation loop can be derived using a Green's function together with the equilibrium conditions of elasticity theory [11] , the internal stress at a general position r can be written as a sum of line integrals over the loops:
where is the permutation symbol, r k are the components of r, furthermore R i := | r(s i ) − r|. As the loops move, intersecting loops may react to form a dislocation network. In that case, the stress can still be evaluated according to (7) , as the segment Σ i that results from a reaction can, from the point of view of stress calculations, be envisaged as a superposition of segments of the two intersecting loops. (This includes the case where dislocation annihilate through a collinear reaction [12] where Σ is the superposition of two screw dislocations where the tangent vectors t have opposite sign such that the stress contributions cancel.) Alternatively to (7), we can then express the internal stress as a sum over all segments Σ j that either form closed loops or terminate at nodes where the sum of Burgers vectors is zero:
The resolved shear stress is obtained from the stress tensor as in the 2D case,
The integral over C i in Eq. (8) has in this case to be understood as the principal value. The dislocation glide velocity is, in analogy to the 2D case, assumed to be given by
where the local glide direction e(s i ) is given by e(s i ) = t(s i ) × n i and the characteristic velocity v 0 depends in general on the local orientation of the dislocation line.
Theorem 1A: The system of equations (8)- (10) is invariant under the transformation (4). Corollaries 1-3a/b and Remarks 1,2 hold accordingly also for the 3D case.
Proof: Proof is obtained by substituting (4) into (8) and noting that the differential dislocation line length rescales like ds i → λds i . One then sees that the internal stresses decrease again in proportion with λ −1 . As a consequence, in (10) again all factors λ cancel.
Thus, we observe that exactly the same invariance principle applies to 2D and to 3D dislocation simulations. Of course, there is one important difference between the described simulation settings, since the described 2D simulation setting does not consider multiplication, whereas the 3D setting naturally incorporates changes in dislocation line length, e.g. line length increases because of loop expansion. This leads to an important conclusion regarding models which introduce dislocation multiplication into 2D simulations by way of phenomenological rules: If such models aim at being consistent with 3D dislocation dynamics, the multiplication rules must be constructed in such a manner that the resulting dynamics still fulfills Theorem 1 stated above. This happens naturally when multiplication rates are directly matched to 3D simulations [5] , whereas other rules need to be adapted carefully. For instance, the introduction of dipoles with "nucleation width" L nuc (see e.g. [15] ) is consistent with Theorem 1 only if the nucleation width is, in the course of a simulation, adapted to evolve in proportion with the mean dislocation spacing as new sources are being added.
Line tension approximation
An approximate method for treating the self-interaction of curved dislocation lines is to use a line tension approximation. In this case one replaces the internal stress field by a local term that is proportional to the line curvature, i.e., one writes
where T (θ) is a dislocation line tension (energy per unit line length) where θ characterizes the dislocation line character, and R = |∂ 2 r/∂s 2 | is the local curvature radius of the dislocation line. If we assume T (α) ∝ Gb 2 to be independent of the dislocation arrangement, it is immediately evident that, upon the transformation (4) the curvature radii multiply with λ and thus the self-interaction stresses again decrease like λ −1 . Hence, treating dislocation interactions in this approximation maintains the basic transformation invariance of 3D dislocation systems. Patterns forming in models which use a line tension approximation (see e.g. [5] ) are therefore bound to fulfill the similitude principle.
However, the dislocation line energy is not strictly independent on dislocation density: For a screened dislocation arrangement it exhibits a logarithmic density dependence, T ∝ Gb 2 log(b √ ρ). Including this dependence implies corrections to similitude, such as a logarithmic dislocation density dependence of the pre-factor α in the Taylor relationship as observed in experiment [14] and commonly explained in terms of the line tension model [14, 13] . This issue will be addressed in Section 4 in more detail.
Stress and strain rate controlled simulations
Until now our considerations have been based upon the assumption of a constant stress. We now ask how these need to be modified if (i) stress is ramped up at a constant rate, or (ii) if stress is related to an imposed strain rate through a "machine equation". In these cases (1) and (2) need to be supplemented by an equation for the stress evolution.
In case of stress controlled testing with constant stress rate this can be written as ∂σ ext ∂t =ΘΣ (12) whereΘ is the characteristic stress rate and Σ = σ ext /σ eq is a non-dimensional tensor which may be written as the ratio of the stress tensor and the corresponding equivalent stress σ eq = (3/2)σ ext : σ ext . This equation is invariant upon the rescaling (6) if we simultaneously re-scale the initial stress according to (6) and the stress rate according toΘ
In case of strain controlled testing, the external stress is imposed through displacements acting on the remote boundaries of the system which create a homogeneous stress state over the simulated volume. This can be expressed as
where C is the tensor of elastic constants,ε ext is the remotely imposed strain rate, V is the system volume, and D = 2, 3 for 2D and 3D dislocation systems, respectively. The local strain rate tensorε pl ( r) is for 2D dislocation systems given bẏ
and for 3D systems, it is given bẏ
Under the rescaling (6), the domain V of integration in (14) (15) and (16) are invariant under the transformation (4) if we simultaneously re-scale the imposed strain rate according tȯ
In conclusion, under conditions of stress or strain rate control, simulation of a system of dislocation density ρ and size L at an imposed stress rateΘ (strain rateε ext ) is equivalent to simulation of a system of dislocation density ρ/λ 2 and size λL at a stress rate λ −n−2Θ
(strain rate λ −n−2ε ext ). This observation holds for both 2D and 3D dislocation systems.
Limits of similitude
Short-range self-interaction of curved dislocation lines
An important technical problem in 3D dislocation dynamics simulations arises from the fact that the expression (7) for the internal stress field becomes singular on the dislocation lines themselves. Whereas for a straight infinite dislocation the self force resulting from the singular stress terms is zero, the same is not true for general curved dislocations where the self force diverges. To regularize this divergence, various methods have been proposed in the literature [16, 17, 20, 21] . All these methods have in common that they introduce an additional intrinsic length ξ which physically relates to the extension of the dislocation core. As it would be unphysical to re-scale this length according to the stretching transformation (4), this means that the self-interaction of a dislocation loop (dislocation segment) does not strictly obey similitude. (The interaction between different loops/segments, on the other hand, strictly obeys the stated invariance principles). The consequences are best illustrated by considering the self interaction in a line tension approximation. Cai et. al. [21] evaluate the line energy of a circular loop of radius R (up to terms of the order of (ξ/R) 2 ) as
with the average line tension
Thus, the line tension has a contribution which depends logarithmically on the ratio R/ξ which leads to deviations from similitude scaling. To assess the order of magnitude of these deviations, let us consider the typical values ν = 1/3, ξ = 0.25 nm, and compare two loops of radii R and R = λR. The corresponding line tension values differ by a constant amount ∆T =
Assuming that the flow stress is exclusively controlled by line tension effects, σ f ∝ T /R ∝ T √ ρ, we find that the ensuing relative correction to the flow stress is ∆σ/σ = ∆T /T . This is shown in Fig. 1 as a function of the dislocation density ρ and the parameter λ, taking R ≈ ρ −1/2 and using the parameters ν = 0.3, ξ = 0.25 nm. For illustration: With ρ = 10 13 /m 2 , an increase in dislocation density by a factor λ 2 = 64 implies an increase in flow stress by a factor λ = 8. The actual increase that follows from (19) is about 25% less (circle in Fig.  1 ). In typical dislocation simulations which cover the initial stages of deformation, the ensuing corrections to similitude scaling are small but not negligible. The corresponding corrections to the Taylor relationship are well known, see the review of Basinski and Basinski [14] .
Direct annihilation of non-screw dislocations
Even in the absence of cross slip, dislocations of the same slip system may annihilate if the spacing of the respective slip planes falls below a critical value y e [18] . For dislocations of general orientation the atomic rearrangements occurring during this process lead to the formation of point defect agglomerates: We are dealing with a process related to the discreteness of the atomic lattice structure near the dislocation core. Again, y e provides an additional length which does not rescale under the stretching transformation (4) and therefore introduces corrections to similitude scaling. The conditions when this becomes relevant are straightforward to estimate: For dislocations of density ρ on a given slip system, annihilation occurs after a mean free path l e = 1/(ρy e ). This corresponds to a critical shear strain γ e = ρbl e = b/y e which is independent of dislocation density. With y e ≈ 1.6nm as suggested by Essmann for Cu [18] , this strain is of the order of 20%. As most current dislocation dynamics simulations extend only to much smaller strains, one does not expect to see much annihilation in these simulations. An exception are some published simulations where initial dislocation densities were extremely high, see e.g. [19] where initial dislocation densities as high as 0.04y
were used. Such densities exceed, however, the values typically found in heavily deformed metals by one to two orders of magnitude. We also note that the removed dislocation configurations are extremely narrow dipoles which do not carry long-range stress fields and do not contribute to plastic flow. Hence, the impact of direct annihilation processes on the collective dynamics of dislocations is expected to be generally small.
Jog formation
Cutting of forest dislocations creates jogs on dislocations. Jogged dislocation loops represent non-planar dislocation configurations which can in general not be decomposed into systems of planar loops. Thus, equations (7) and (8) are no longer strictly valid for such configurations. However, estimates based on typical dislocation glide paths of some tens of dislocation spacings and typical dislocation spacings of the order of 1000b show that the atomic density of jogs on dislocations arising from cutting processes and the ensuing corrections to the stress fields are small. This may be different in situations where climb processes have an appreciable influence on dislocation motion.
Cross slip and annihilation of screw dislocations
Whether or not our considerations apply to materials where screw dislocation cross slip is prominent, depends on the factors which control the cross slip process. If cross slip is envisaged as an essentially athermal, stress controlled process as proposed by Brown [22] and recently explored by Paus and co-workers [23] , then our considerations of similitude scaling apply also to such processes. Cross slip of the screw part of a dislocation loop on a new slip plane creates a new, non-planar dislocation configuration. However, this process can be envisaged as the nucleation of a new loop on the cross slip plane (one segment of this loop cancels the originally cross slipped segment), and therefore (7) and (8) can still be used for evaluating the stress field of the resulting non-planar configuration. The same is true if the cross slip process leads to annihilation of two screw segments moving on different slip planes. Accordingly, all these processes must fulfill similitude scaling as discussed in previous sections. However, separate considerations apply if cross slip requires the overcoming of a stress-dependent energy barrier (formation of a constriction in a split dislocation) with the aid of thermal activation. This is the classical viewpoint on cross slip (see e.g. [24] ) which also underlies most implementations of cross slip in 3D DDD codes (see e.g. [25, 26] ). Irrespective whether the parameters governing the cross slip process are taken from experiment (e.g. [27] ) or atomistic simulation [28] , if controlled by thermal activation the rate of thermally activated cross slip will depend on stress and temperature in a strongly nonlinear (exponential) manner and therefore this process is expected to lead to characteristic deviations from similitude scaling. The same is true for other thermally activated processes which may influence the motion of dislocations, such as thermally assisted overcoming of Peierls barriers, solute atoms, or precipitates. Conversely, for processes where similitude scaling is strictly observed, we may expect that the above mentioned thermally activated processes are of secondary importance.
Discussion and Conclusions
Our discussion of scaling relations in the dynamics of dislocation systems can be summarized into two simple statements: (i) If dislocation dynamics is mainly controlled by the elastic interactions between dislocations, then all characteristic lengths in evolving dislocation arrangements scale in proportion with the mean dislocation spacing (inverse square root of dislocation density). (ii) Under the same conditions, all characteristic stresses, in particular the flow stress, scale in proportion with the square root of dislocation density. These statements are supposed to hold whenever the dynamics of dislocations is mainly controlled by their elastic interactions, and processes on the scale of the dislocation cores (formation of constrictions in cross slip, overcoming of Peierls barriers, annihilation of parallel edge dislocations, presence of jogs), as well as interactions of dislocations and other defects (solute atoms, precipitates, radiation debris or grain boundaries) play a secondary role. As a paradigm, we may consider deformation of pure face-centered cubic metals at low to intermediate stresses/dislocation densities.
Empirically, both findings have been known for decades ("law of similitude", "Taylor relationship") and most researchers working on dislocation simulation will be aware of them. However, the far-reaching consequences of these relations are not always realized:
(i) Implications for discrete simulations:
• The scale of a discrete dislocation simulation is not determined by the linear dimension L of the simulated volume, but by the size in units of dislocation spacings. Thus in 2D, size is governed by N = L 2 ρ (the number of dislocations), and in 3D, by the non-dimensional number L 3 ρ 3/2 .
• The scale of strain in bulk dislocation simulations is given by b √ ρ, and the scale of stress by Gb √ ρ. The time scale, as stated above, scales in proportion with the scale of stress to the power −(n + 1), or the scale of dislocation density to the power −(n + 1)/2. These relations need to be kept in mind when comparing dislocation simulations with different parameters. To take an example: A 3D DDD simulation of a cube of edge length 1µm with an initial dislocation density of 10 14 m −2 , a strain rate of 5000 s −1 , and an end strain of 10%, using a linear stress-velocity law, may be almost equivalent to simulation of a cube of edge length 10µm with an initial dislocation density of 10 12 m −2 , a strain rate of 500 s −1 , and an end strain of 1%.
• If 3D processes such as dislocation multiplication or junction formation are incorporated into 2D dislocation dynamics models, care must be taken to make sure that the rules introduced are consistent with the scaling properties of bulk dislocation dynamics. For instance, a dislocation multiplication rule for 2D DDD simulations may be specified by requiring that a source of length l nucl produces a dipole of the same width if, over a nucleation time t nucl , the resolved shear stress at the site of the source remains above a level τ nucl ∝ Gb/l nucl [29, 30] . This rule is invariant under the transformation (4) if the source length l nucl is taken to be proportional to the dislocation spacing in the vicinity of the source and if the nucleation time scales in inverse proportion with the square of the externally applied shear stress τ ext , or in proportion with (τ ext τ nucl ) −1 as proposed in [30] . Thus, the scaling relations we have stated provide guidance whether 2D rules introduced to mimic 3D dislocation processes such as multiplication or junction formation are consistent with the properties of dislocation systems or not. If they are, then the resulting 2D dynamics will by construction obey the principle of similitude as indeed observed in corresponding simulations [5] .
(ii) Implications for density-based and statistical models • Attempts to model dislocation microstructure evolution in terms of the evolution of dislocation densities, irrespective of whether they consider deterministic [31, 32, 33, 34, 35] or stochastic [36, 37] , space-dependent [31, 33, 34, 35] or space independent [32, 36] evolution equations, should make sure that the formulated evolution equations are, at least in those cases where the underlying discrete dynamics is expected to obey similitude scaling, invariant under the transformations (4) or (6) . Equations which are not, cannot represent dislocations. This is a problem with many early models of nonlinear phenomena in dislocation systems (e.g. [32, 33] ) where parameters are not sufficiently well specified to decide whether or not they fulfill this basic requirement.
• We can use the scaling relations (4) or (6) as heuristic tools to identify the structure of admissible terms in evolution equations. For instance if, in the spirit of Aifantis [38] we want to introduce a second gradient of strain in the flow stress expression, then from the stated scaling principles (strain scales in proportion with ρ 1/2 , stress scales in proportion with Gbρ 1/2 ), it follows that the concomitant internal length scale must scale in proportion with the dislocation spacing for the resulting term to be consistent with (4) -as is indeed found when such terms are derived by averaging the underlying discrete dynamics of dislocations [35] .
The analysis of density-based models for consistency with similitude scaling is exemplified in the Appendix where we consider four models -the dislocation patterning model formulated by Holt in 1970 [31] , a model of dynamic dislocation patterning during plastic flow, a stochastic model of fractal dislocation cell structure formation that was formulated by Hähner and Zaiser in the 1990s [37] , and the recently proposed 3D continuum dislocation dynamics model of Hochrainer and co-workers [39] .
(iii) Implications for dislocation patterning, statistical properties of plastic flow, and size effects.
• In the regime of similitude scaling all characteristic lengths of bulk dislocation arrangements are bound to scale in proportion with the dislocation spacing. This is in particular true for the characteristic lengths of dislocation patternsif such patterns form -and for the characteristic mean free path which governs dislocation storage and, hence, strain hardening. As a consequence of scaling invariance, meaningful statistical information about dislocation mean free paths and hardening can be extracted from discrete dislocation simulations, even if such simulations are "too small" (or confined to too low strains) to replicate the full phenomenology of dislocation patterning [40] .
• As a consequence, any model (whether discrete or density based) which can reproduce dislocation patterning and which is consistent with dislocation properties must, in the regime where dislocation dynamics is controlled by elastic dislocation interactions, produce patterns with wavelengths that are proportional to the dislocation spacing, and inversely proportional to the stress at which they have formed. Conversely, patterns that do not have these properties [41] may be artefacts of initial conditions, boundary conditions or numerical errors.
• Any statistical signatures of plastic flow and dislocation dynamics that can be deduced from simulations or statistical models of elastically interacting dislocations must be consistent with the stated principles. Hence, if dislocation systems at some critical stress undergo a jamming or depinning transition, then it is from their scaling properties self-evident they must do so at any dislocation density -with a critical stress that scales in proportion with the square root of that density [42] . Even scale free power law distributions as observed for instance for strain bursts and slip avalanches [43] must comply with these scaling principles: Since strain is proportional to the total area swept by dislocations per unit volume, it is clear that the upper and/or lower limits of power law regimes in strain burst size distributions must scale in proportion with the square root of dislocation density. Similarly, if the spatial structure of slip avalanches can be associated with a characteristic correlation length, this length must be proportional to the dislocation spacing. If we consider scale free distributions of internal lengths (cell sizes), as in the model of fractal dislocation structures proposed by Hähner and Zaiser [37, 44] , then the upper and lower ends of the fractal scaling regime must scale in proportion with the mean dislocation spacing, and in inverse proportion with the flow stress [44] .
• An interesting application of the stated principles concerns size effects. As long as no other length scales are relevant (e.g. the size of surface heterogeneities that control dislocation nucleation at the surface) a system of size L and dislocation density ρ at stress τ behaves similarly to a system of size λL and dislocation density ρ/λ 2 at stress τ /λ. Let us assume that τ is a size dependent flow stress of the form τ = τ ∞ [1+∆(L, ρ)] where τ ∞ is the flow stress of the bulk system (L → ∞). It follows for the size dependent contribution ∆ that for any (ρ, λ) the relation ∆(L, ρ) = ∆(λL, ρ/λ 2 ) must be fulfilled. In other words, the size dependent fraction of the flow stress can depend only the product (L √ ρ) but not on L and ρ separately. This has indeed been observed in simulations [45] : larger systems with lower initial dislocation density behave similarly to smaller systems with higher dislocation density. It follows that comparisons of size dependent flow stresses without data for the corresponding dislocation microstructures, as commonly presented in the literature [46, 47] , may be of limited usefulness.
In conclusion, we have stated invariance principles which are in a sense trivial. Nevertheless, they can serve as extremely useful tools to gauge the plausibility of simulation results, to compare simulations carried out on apparently different length and time scales, and to assess the validity of microstructure evolution models. In practice, in any given situation there can be many reasons why the stated principles may not or only partially apply -for instance, in dispersion-or precipitation hardened materials due to the length scales associated with the phase microstructure, in polycrystals due to the influence of grain boundaries, in low-temperature deformation of bcc metals due to the paramount influence of Peierls stresses, and in general in all situations where atomicscale processes (dislocation nucleation/annihilation, cross slip etc.) are of importance. Nevertheless, these principles are at the core of the behavior of "pure" dislocation systems and provide a useful guideline for assessing the viability and performance of a broad class of models that purport to describe dislocation microstructure evolution. Appendix: Scaling analysis of some density-based dislocation models Appendix A: The patterning model of Holt Holt [31] proposed in 1970 a model of dislocation patterning at zero applied stress, constructed in analogy with contemporary models of spinodal decomposition. He assumes the interaction energy functional for a system of screw dislocations of density ρ in the form
where f is a radially dependent pair correlation function describing the excess of screw dislocations of opposite sign surrounding a given dislocation. This function is normalized, 2πrf (r, ρ)dr = 1, and assumed by Holt in a phenomenological manner (we note that, for a system of edge dislocations, the corresponding function has much later been explicitly computed by Groma and co-workers [48] ). The energy change associated with spatially dependent fluctuations δρ(r) around a homogeneous state ρ 0 follows in a long-wavelength approximation as
where ∆ is the Laplace operator and F 1 and F 2 are given by
In the spirit of linear irreversible thermodynamics, the flux j = ρB∇(δE(ρ)) of dislocations is assumed to be proportional to the gradient of the energy fluctuation, i.e., to the net force. Assuming that the dislocation density ρ is a conserved quantity, it follows that
or, in Fourier space
If both F 1 and F 2 are positive, then long-wavelength fluctuations are undamped with a dominant wavelength emerging at λ = 2π(2F 2 /F 1 ) 1/2 . To study the behavior of Holt's model under the scaling transformation (4), we observe that the proportionality of the dislocation flux and the energy gradient (the force) implies that, for this model, the rate exponent has the value n = 1. Upon inserting the transformation (4) into (A4) we see that the model is invariant only if the parameters F 1 and F 2 transform according to
Since the same transformation must also preserve the normalization of the pair correlation function f , this requires the pair correlation function f to possess the structure f (ρ, r) = ρφ(u) with u = r √ ρ and 2πuφ(u)du = 1. It then follows immediately that the dominant wavelength of the emergent dislocation pattern is proportional to 1/ √ ρ, i.e., to the dislocation spacing. We thus observe that, if the pair correlation function in Holt's model is chosen in a manner that is consistent with the scaling properties of dislocation systems, then the resulting dominant wavelength turns out to be consistent with similitude. Holt arrives in his 1970 paper [31] at the same result by way of several unnecessary ad-hoc assumptions -e.g., he claims without proof that the correlation function should be proportional to 1/r and then introduces a finite-scale cut-off at a distance that is proportional to the dislocation spacing. None of these assumptions are necessary to arrive at the main result, which in fact derives from any normalized function of the structure f (ρ, r) = ρφ(r √ ρ).
Appendix B: A model of dynamic dislocation patterning
Holt's model has been justly criticized for physical reasons. Dislocation patterns do not form close to thermal equilibrium, in absence of external stresses driving dislocation motion. Also, if one takes Holt's model at face value, then it is easy to see that for a system of parallel screw dislocations containing equal numbers of dislocations of both signs, the most efficient way to reduce the internal energy is to annihilate all the dislocations -a process formally excluded by Holt when he writes down the equation for the dislocation density as a conserved field.
In the following we demonstrate that, by using a pair correlation function of the correct structure to describe dislocation interactions, it is easy to formulate physically more plausible models which produce spontaneous symmetry breaking and dislocation patterning consistent with the similitude principle. As an example, we consider a system of equal numbers of straight parallel edge dislocations of both signs on a single slip system, moving by glide under a constant external resolved shear stress τ ext . The slip direction is taken to be the x direction of a Cartesian coordinate system. Since dislocation motion is constrained to a set of parallel glide planes, no annihilation is considered (see Section 4.2 for a discussion of this point). The equations of motion for the densities ρ + and ρ − of positive and negative edge dislocations are then given by
or equivalently for the total dislocation density ρ = ρ + + ρ − and excess density
The dislocation velocity v is assumed in the form
Here the long-range internal stress τ int derives from the excess dislocation density κ by
where σ xy = Gbg(θ)/r is the xy component of the edge dislocation stress field. The flow stress τ f (r) is assumed to relate to the total dislocation density in a non-local manner:
where φ is a correlation function of range ξ. In physical terms, ξ characterizes the characteristic extension of the "jammed" dislocation configurations (dipoles, multipoles, junctions) which control the flow stress. The non-dimensional coefficients α, β x and β y of the long-wavelength expansion of the flow stress in Eq. (B5) are given by
where u = r/ξ. We envisage a space-and time-independent reference state ρ(r) = ρ 0 , κ(r) = 0, τ ext = τ 0 + τ 1 where τ 1 = αGbξρ is the rate-independent part of the flow stress and the rate-dependent stress contribution τ 0 corresponds to homogeneous plastic flow at rateγ 0 = ρ 0 bv 0 = ρ 0 bBτ 0 . We analyze the evolution of space-dependent fluctuations δρ(x) and δκ(x). For simplicity, we consider only fluctuations which are homogeneous in the y direction, since such fluctuations do not give rise to long-range internal stresses. The temporal evolution of δρ(x) and δκ(x) is in linear approximation given by
where η = (ρ 0 /ξ)(∂ξ/∂ρ| ρ 0 ). These evolution equations are invariant under the scaling transformation (4) if the characteristic length ξ either scales in proportion with 1/ √ ρ or in proportion with Gb/τ ext , or a mixture of both. In the former case, η = 1/2, and in the latter case, η = 0.
To investigate stability of the reference state, we make the Ansatz δρ(x, t) = δρ(k) exp(ikx) exp(λt) and δκ(x, t) = δκ(k) exp(ikx) exp(λt) which leads to the matrix equation with the eigenvalues
Positive real-valued eigenvalues exist if τ 1 (1 + η) > τ 0 . In that case, a dominant wavelength (maximum of Λ) emerges at λ = 2πξ[(α/2β x )(1 + η − τ 0 /τ 1 )] −1/2 . In either of the two cases discussed above, ξ = 1/ √ ρ or ξ = Gb/τ ext , this wavelength is consistent with the similitude principle. A plot of the positive eigenvalue Λ (the "amplification factor") as a function of wavelength and for different values of the steady-state strain rate is shown in Figure 2 . At low strain rate (quasi-static deformation), the dominant wavelength approaches a constant value of about 10ξ (10 dislocation spacings).
It is interesting to have a closer look at the condition for symmetry breaking in this model, τ 1 (1 + η) > τ 0 . This condition is tantamount to the requirement that the strain rate must not exceed the critical valueγ c = Bτ 1 (1 + η)bρ 0 where the ratedependent part of the flow stress, τ 0 , exceeds the rate-independent part τ 1 by a factor (1 + η). In other words, the requirement for patterning is that the motion of dislocations must be mainly controlled by their interactions, rather than by the externally imposed driving stress. Patterning arises in this model from the fact that dislocation interactions impede the motion of dislocations -hence, the dislocation velocity is reduced in regions of increased dislocation density which, in conjunction with the conserved nature of the transport dynamics, leads to further accumulation of dislocations in these regions. In the absence of plastic flow, no patterning is possible in this model since the dislocation arrangement remains frozen in the initial state.
The model proposed by Hähner and Zaiser to describe the evolution of fractal dislocation microstructures is defined by two coupled stochastic evolution equations for densities of mobile and immobile dislocations,
Here, the plastic strain rate is considered a randomly varying quantity with the statistical properties
The correlation time t corr is supposed to follow the relation t corr γ = ρ m bL where L is the dislocation mean glide path. The internal stress τ int is assumed to be approximately equal to the external stress.
To analyze the scaling behavior of these equations under the transformations (4) or (6) we first investigate how the strain rate transforms. Since ρ m,i → λ −2 ρ m,i and v → λ −n v we find that γ → λ −2−n γ (note that the transformation (6) can formally be considered by setting n = −1). The fluctuations transform in the same manner if the ratio τ int /S is a constant and the dislocation glide path transforms like L → λL. As discussed above, the former condition is fulfilled if the strain-rate sensitivity S is controlled by overcoming of dislocation obstacles, and the latter if dislocation storage is controlled by dislocation interactions (L ∝ ρ −1/2 ). The left-hand sides of Eqs. (C1,C2) transform under (4) like ∂ t ρ m,i → λ −n−3 ∂ t ρ m,i and the model as a whole is invariant if all terms on the right-hand side transform in the same manner. For the dislocation multiplication term this is the case if A depends neither on stress nor on dislocation density, or if it depends on both variables only through a function of the invariant ratio τ ext ρ −1/2 . The same is true for the constants B and C characterizing the dislocation storage terms in Eqs. (C1,C2). If these conditions are fulfilled, the stochastic model can, even for time dependent stress τ ext , be transformed to a non-dimensional form by setting 
which automatically satisfies the scaling invariance requirements. Withρ =ρ m +ρ i , the resulting non-dimensional model is given by [37] ∂tρ m = 1 −θρ m − B C ρ(1 + σẇ) ,
∂ t ρ = 1 −θρ − ρ(1 + σẇ) .
whereẇ is a standard correlated stochastic process, σ the corresponding noise amplitude, andθ = (2A/C 2 )∂τ ext /∂ γ is a non-dimensional hardening coefficient which, in the regime of similitude scaling, is time independent (hardening stage II). Solutions of the Fokker-Planck equation corresponding to this stochastic model converge towards stationary solutions p(ρ); the corresponding solutions for the dimensional dislocation density describe a dislocation system whose stochastic signatures evolve with time only parametrically, through the scaling rules (C5), and which thus in the course of hardening remains consistent with the similitude principle. Of course, deviations from this principle might be relevant -e.g. if one includes an dynamic recovery term that is proportional to ρ and which thus violates similitude scaling, the behavior at high stresses/dislocation densities will exhibit characteristic deviations from similitude as discussed in the main paper in the context of dislocation annihilation. q t → λ −3 q t . This is consistent with the understanding of q t as a product of dislocation density and mean curvature, q t = ρ t k where k has the dimension of a reciprocal curvature radius and thus transforms as k → λ −1 k. The left-hand side of (D3) then obeys the transformation ∂ t q t → λ −n−2 ∂ t q t . For the right-hand side to transform similarly, it is necessary that Q (1) transforms like q t , and A (2) like κ or ρ t . One easily ascertains that the closure equation (D4) is consistent with this requirement.
In order to scale the CDD model equations to a non-dimensional form we need to specify how the velocity v depends on the dislocation fields. In principle, every dependence is admissible which leads to the correct scaling. For instance, we may write the dislocation velocity as a function of different interaction stresses, as e.g. a backstress τ b , a line tension contribution τ lt and a Taylor-type yield stress τ y :
where T ≈ µb 2 and the two non-dimensional parameters D = 0.6 . . . 1 and α = 0.2 . . . 0.4. We can easily ascertain that all stresses in (D6) have the correct scaling behavior. Assuming a linear relationship between stress and dislocation velocity (n = 1) one gets
We may then define the following scaling relations between stresses τ , densities ρ and lengths x and their dimensionless counterparts (indicated by the tilde)
where ρ 0 is the average initial dislocation density. By insertion into (D7) we can also derive scaling relations for the velocity v, the time t and curvature density q
Replacing all dimensional variables in (D7) by their scaled counterparts we obtain the non-dimensional velocitỹ
where∇(•) is the gradient operator w.r.t. the scaled coordinates. This equation only depends on two factors, α and D which relate to dislocation pair correlation functions and thus characterize the mutual arrangement of dislocations; no material parameters occur which a posteriori justifies our choice in (D8). Again, these equations automatically satisfy the scaling invariance requirements of similitude. The corresponding non-dimensional CDD evolution equations are then obtained from
Analyzing the stability of these equations reveals patterning phenomena which are very similar to those discussed in Appendix B. A detailed discussion of these patterning phenomena will be presented elsewhere. Here, we only note that, again, the invariance of the fundamental equations under the scale transformations (4) or (6) ensures that any dislocation patterns arising from these equations are consistent with the similitude principle.
